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ON THE ERROR OF APPROXIMATIONS IN QUANTUM MECHANICS
I. GENERAL THEORY
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General formulas for estimating the errors in quantum-mechanical calculations are given in the
formalism of density matrices. Some properties of the traces of matrices are used to simplify the
estimating and to indicate a way of obtaining a better approximation. It is shown that the
simultaneous correction of all the equations to be fulfilled leads in most cases to a faster con-
vergence than the exact fulfilment of some of the equations and approximating stepwise to some
of the others. The corrective formulas contain only direct operations of the matrices occurring and
so they are advantageous in computer applications.

In the last section a ‘subjective error’ definition is given and by taking into account the weight
of the errors of the several equations a faster convergence and a single error quantity is obtained.
Some special applications of the method will be published later.

1. INTRODUCTION

Since the development of quantum mechanics in the second quarter of this century there
has been an immense amount of work in applying it to several kinds of electronic systems.
The treatment of the simplest systems with one electron was followed by a thorough
investigation of the possibilities to calculate a system containing more electrons in a
sufficiently good approximation. After the simplest methods the more sophisticated
treatments of the various perturbation methods, self-consistent-field calculations and
variational processes were developed. The most recent applications of large-scale computers
made it possible to perform relatively simply many of those calculations previously desired,
but hitherto impossible. It is worth while mentioning that the first modern version of
computers, the differential analyser, was constructed and used by Hartree to make self-
consistent-field calculations (1928, 1946, 1957).

However, there was a basic difficulty in almost all of these calculations. Namely, if the
calculated wave function was not an exact solution of the problem, but only some approxi-
mation, then there was in general no measure of estimating the error of the approximation.
Most of the approximations used were based on neglecting more or less important parts of
the Hamiltonian or making more or less justifiable assumptions regarding the form of the

* On leave of absence from the Research Institute for Telecommunication, Budapest, and from the
Central Research Institute for Physics of the Hungarian Academy of Sciences, Budapest.
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310 T. A. HOFFMANN

wave function. But there were in general no means to estimate the error expected before
the full calculation was performed and the results compared to some other calculations
or to experimental values.

At the same time the lack of a suitable measure of the error had the result in some cases
that although the first-order approximations approached the experimental values fairly
well, the second-order or higher approximations showed a basic divergence. A lot of work
has been undertaken to find an objective criterion for the estimation of the error of any
quantum-mechanical calculation (see Temple 1928; Eckart 1930; Shull & Lowdin 1958;
Trefftz 1959; Kinoshita 1959 ; Lowdin 1960; Frost, Kellogg & Curtis 1960; Froman & Hall
1961; Preuss & Trefftz 1957; Preuss 1958). In general, the choice of the quantity to be
minimized to obtain the most rapid convergence was investigated. However, these investi-
gations have shown a large variety of possible cases occurring in various types of approxi-
mations without a decisive general answer. Some of the minimization processes show very
good convergence in some cases, but fail to converge in other cases. McWeeny (19564,5;
1960) has shown some reasons for the divergences of some self-consistent-field calculations
and applied a more precisely adapted way of calculation avoiding divergence difficulties.

In the present work a more general way of estimating the error of the approximations is
given and therefore a means is provided to control a quantum-mechanical calculation in
the case that more errors are to be minimized simultaneously. At the same time, in the
development of this paper the applications of modern high-speed computers to perform the
calculations sketched below was kept in view.

2. FORMULATION OF THE EXACT PROBLEM

Let us suppose that we have made the physical analysis of the problem to be investigated
and so we know fairly well how the Hamiltonian of our system is built up of kinetic energy
operators and potential energy operators. Assume the potential energy as being a given
function of the co-ordinates (including spin co-ordinates) of the electrons, not excluding the
possibility that the potential energy is a function in the extended sense, so that it contains
differentiations or other operations on the electronic co-ordinates too. Let us denote the
exact Hamiltonian constructed by this potential by H. The stationary states for a system of
electrons are then given by the Schrédinger equation

HY, = E ' (1)
where ¢; is the wave function containing co-ordinates (and eventually spin co-ordinates)
of all of the electrons present in the system, Z; is the total energy of the system. Here we
disregard the case where E can obtain any value in an interval, the case of a continuous
spectrum, and fix ourselves to the case of a discrete spectrum, where only distinct, well-
spaced values for E are accessible. The extension of the following arguments is easily made
for the continuous case too, although the notation is somewhat more clumsy. The index 7
refers to the energy state E;, but we allow that some of the F; are equal to each other, so
introducing the possibility of degenerate states too.

In general there is an infinite number of solutions of equation (1). The real values
E,E, .. ,E,... form the energy spectrum of the system and the corresponding functions
Vs ¥ --os Uy ... span the vector space of the electron wave functions. The exact solutions of
(1) have the property that the wave functions are mutually orthogonal to each other if the
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corresponding E, values are different from one another. In the case that some of the E; are
equal to each other, there could be performed an orthogonalization process among the
corresponding wave functions so that these wave functions would be orthogonal to each
other too. Furthermore, since equation (1) is linear in ¢, the normalization of the wave
functions can be performed too. We choose the normalization so that

[lwl2dry...ar, 1, (2)

where the integration is performed over the space (and spin space) of every electron, the
total number of electrons in the system being #. According to the previous remark we may
write, without loss of generality, the general orthogonality relation

Jyrgdn.dr, =0 (i), (3)

This last equation seems to denote something less than the usual orthogonality relations,
because these latter usually denote the orthogonality of two wave functions of two electrons,
and therefore they are orthogonal by integrating over the co-ordinates of only one electron,
whereas (3) states only that the integration performed over all electrons gives the ortho-
gonality. Naturally, it is sometimes the case that already one or a few of the integrations
yield the orthogonality relation. But one has to bear in mind that sometimes (e.g. by taking
into account the perfect correlation) the wave function cannot even be separated into simple
products of one-electron wave functions and so the result of the integration over one or
a few of the electron spaces involves the co-ordinates of the other electrons too, not as multi-
plicative parameters. The orthogonality relation for one or a few electrons implies the
orthogonality relation (3), but not the reverse.

Any of the functions ¥, ¥, ..., ¥;, ... may also be represented in principle in the following
way. Imagine the space of the z electrons (together with the spin space) to be divided into
sufficiently small volume elements. In each of these volume elements the co-ordinates of the
n electrons (together with their spin co-ordinates) are specified. To be able to give the
function ¥; we have only to attach a numerical value (maybe a complex value) to each
volume element. If these volume elements are ordered in a fixed way, making a convention
of their sequence, the function is given merely by the sequence of these numerical values.
Let us denote these numerical values for ¢, by ¥,(x = (1)), ¢,(x = (2)), ¥;(x = (3)), ..., where
the notation implies the convention that x = (1) always means the same specified point in
configurational space and spin space, x = (2) another specified, but always the same point
throughout the calculation. So the entirety of the wave functions may be represented in a
matrix form, ¢, where the various columns denote the various states belonging to ¢, ¥, ...,
¥, ..., respectively, and the various rows denote the various conventionally specified points
in the space (and spin space) of all electrons (see Lowdin 19554, 4, 1956) :

ix=()) Polx=(1)) Palx=(1))... ¢i(x=())...
1(x=(2)) Po(x=(2)) ¥s(x=(2)) ... ¥ilx=(2))...
p— | hE=0) hlx=0B)) P5x=06))... hlx=0@)... | (4)

=) Fale=() o= =)

\
39-2
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This infinite matrix is only a notation and has as many columns as the number of the
different states of the system and as many rows as the subdivision of the n-electron space
demands.

In practice, however, the matrix is not taken as an infinite one, but takes into account
only as many states (columns), s, as necessary, and such a fine subdivision of the space of
all of the electrons as convenient, i.e. the number of rows will be m*, where m is the number
of volume elements of the space of one electron and 7 is the number of electrons.

In equation (1), H transforms a column ¢ into another column matrix, so that H can be
represented as a square matrix of size m® X m” the elements of which are operators themselves.
We introduce also a diagonal matrix E having the size s X s and having for the diagonal

z

elements the values of the energy parameter E, E,, E;, ..., E, .... So
E, 0 0 0
0 E, 0 ... 0
0 0 E .. 0
E —] pS (5 )
o 0 0 .. E

The well-known rules of matrix multiplication allow ¢ to be multiplied by H from the

left-hand side and by E from the right-hand side only. So the equation
HY = $E (6)

can be written for the fotality of equations (1) (i.e. for all values of 7).

This equation gives back all the elements of the matrices in a way controlled by
equation (1).

Let us denote the general element (an operator itself) of H by H;,. According to the
matrix multiplication rule acting on the column ¥; of (4) this has the result, given by the

use of (1), SH,, gi(x = (k) = Bl = (). (M)

If we refine the subdivision in the space so that the summation in (7) transforms into an
integration, we see that H;, corresponds now to the kernel of an integral equation, an
extended Green function H(x,y). That is, if we introduce the continuous variables x for (7)
and y for (k), where both x and y denote the whole ensemble of all electron co-ordinates
in the system, we may write (7) in the form

[ H9) vila) dy = Epio). (8)
It is readily seen that the kernel function H(x,y) yields equation (1), if we define
H(x,y) = Hy(y) 0(y—x) +H,(y) 9'(y —x) + Hy(y) 0" (y —x), (9)

where §(x) is the many-dimensional Dirac function and ¢’(x) and §”(x) are its first and
second derivatives, respectively. The functions H,, H, and H, can be constructed by the
proper form of the Hamiltonian in such a way that for any function f(x),

HYf() = Hy() G [ E) 2 G | Lo [ ) + S+ S o

(10)
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identically shall supply the effect of the ordinary Hamiltonian operator. Here x stands
symbolically for all of the co-ordinates of all of the electrons and the derivatives mean in the
same way symbolically all of the first and second derivatives, respectively.

The matrix for H given by the elements (9) is now a diagonal matrix. Let us denote the
transposed of a matrix A by A* and the complex conjugate of A by A*. The transpose of the
matrices H and ¢ fulfil clearly the general property of the transposition of a product, namely

$rH* = (Hy)™. (11)
Here we may see easily that from (9)
H*(x%,y) = H(y, %) = Hy(y) 8(y—x) —H\(y) 9" (y —*) -+ Hy(y) 0" (y —x), (12)

where the symmetry properties of the Dirac function were used. Now the operator H is
Hermitian (see, for example, von Neumann 1932) and so we have

H*+ = H*, (13)

which leads to Hi(y) = Hy(y), (14)
HE (5) = —Hy(y) (15)

and HE(y) — Hyfy), (16)

which can be checked for every Hermitian Hamiltonian.
Taking now the complex conjugate and transpose of equation (6) we obtain

¢+*H+* — E+*:¢+* (17)
and by using (13) and taking into account that E is diagonal and real,
HFH = Egt*, (18)

Now multiplying equation (6) from the right-hand side by ¢** and equation (18) from
the left-hand side by ¢ we obtain

Hp** = EY** = g *H. (19)

This equation suggests the introduction of the (n-electron) density matrix R (see, for
example, Lowdin 19555; McWeeny 1956a), defined by

R = ¥, (20)
where R is clearly a square matrix of size m” x m". By this definition
R+ — <¢q)+*)+ — q)*q)l— — R*, (21)
therefore R is Hermitian too.
Equation (19) may now be written
HR = RH. (22)

The matrix multiplication of ¢ and ¢ ** in the other direction gives clearly the summation
over all space elements (spin space included) of all of the electrons, which transforms into
an integration through the whole configurational space if the volume elements are chosen
suitably small and so according to the normalization and orthogonality conditions (2)

and (3) QP =1, (23)
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where I, denotes the unit matrix of size s x s. This last equation can be used even in the
continuous subdivision of the configurational space and also in the case where only larger
parts of the space are taken to be volume elements (e.g. in thel.c.a.o. treatment of molecular
calculations).

The definition (20) and equation (23) show now immediately

R2 — QPr*pt¥ = QI g% = PPpt* =R, (24)

1.e. R is idempotent.

It is easy to show that not only does equation (24) follow from the orthonormalization
condition (23), but conversely (23) follows from (24) too. That is we may write (24) in

the form &P\PJ’*\P\[)“L* = QPtE, (25)
Now let us introduce for a moment the matrix
A =t (26)

of size s X s. Multiplying both sides of the equality (25) by ¢ ** from the left and by ¢ from
the right we may write, using (26),

A3 = A2 (27)
Assuming now that the matrix A Aas an inverse, we obtain
A= I(s) (28)

and so equation (23) is proved. (This roundabout way was followed because the inverses
of non-squared matrices, as ¢ or $**, are not defined in this sort of calculus, only the
inverses of squared matrices.)

One can prove also that equation (1) follows from equation (22) (see, for example,
McWeeny 1960) and so our quantum mechanical problem is reduced to equations (22)
and (24).

3. FORMULATION OF THE APPROXIMATIONS

We repeat here the exact equations to be solved (22) and (24), in a form, where the right-
hand side is a matrix 0 HR—RH — 0 (29)

and R2—-R =0. (30)

The matrix 0 is here a square matrix of the size m” X m", having all elements 0.

In practical calculations it is almost impossible to fulfil both of these equations exactly
at the same time. This can be done in a very limited number of cases, the most simple cases,
where an exact analytical solution is obtained. In most cases we may allow some deviations
from the exact fulfilment of one or both of equations (29) and (30). The matrices obtained
in this manner for R are then only approximations for the exact solution fulfilling both
equations (29) and (30). Besides equations (29) and (30), one must take into account also
an equation which expresses how many states for the system are required in the calculation.
Since the sum of the diagonal elements of R = ¢ +*, i.e. tr R is the same as that of

I(s) = "P+*"Pa
i.e. trl, (see later, equation (36)), we have
trR—s=0. (31)

This equation fixes the decomposition of R into matrices ¢ of the due form.
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Naturally, the system of equations (29), (30), (31) has various different solutions. There
must be undertaken a special investigation to find which solution, R, is to be represented
by an approximation and what are the conditions, so that we shall approximate to the
wanted R and not to another one. However, in the present paper we do not deal with this
question and suppose throughout that we are sufficiently near to the required solution that
no other solution is approximated by our process. Let us suppose that we have some
approximate matrix for R in this sense, say R,.

The question arises, how could we improve such an approximation. How could we decide
whether one approximation is better than the other? We have to introduce a measure for
the approximations. In quantum-mechanical approximations there was always the handi-
cap that we did not have any measure of the approximation, so we could not estimate the
error of a calculation. Usually, the deviations from the experimental values or from other
calculated values were the only means of judging the efliciency of an approximation.

Unfortunately, equations (29), (30) and (31) are all of a different character, so there is
always a lot of arbitrariness in judging one or other of these equations as the more important.
In some of the calculations in the literature equations (30) and (31) are fulfilled exactly and
only equation (29) is approximated. However, a somewhat lengthy computer process (or
any other method which is not an exact one, but has a limited error) spoils the validity of
equations (30) and (31) if no special care is taken of them. This means that generally we
may not take (30) and (31) as exact equations, but consider approximating to them in the
same way (but eventually to a different degree of exactness), as (29). The arbitrariness lies
in estimating the relative importance of these equations. The measures given for the exact-
ness in the literature (Temple 1928; Bartlett 1955; Léwdin 1960) are mostly for (29) only
and do not take into account the deviations of (30) and (31). McWeeny (19564, 4; 1960)
distorts equation (30) in every approximating step, but he uses a special set of steps to
recover the original equation, the whole process being thus a double set of approximating
sets.

Inlooking for a measure of the approximation, we have to take into account the following.

(1) The measure of the approximation should be a small number (most advantageously
only one) of real positive numbers. This would mean here, that it should not be a matrix or
a vector or any set of numbers. The reality is necessary for introducing the smaller—larger
relation, i.e. the possibility of judging whether one or another approximation is the better.
The inclusion of positivity is advantageous to avoid an ambiguity in the smaller-larger
relation in the neighbourhood of 0.

(2) The measure should be constructed so that if the solution is an exact solution, the
measure of the approximation should give 0.

(3) No other approximation than the exact one should have the measure 0.

Among real numbers there are several ways to choose a measure fulfilling these require-
ments. For example, one of the simplest ways is to choose the measure m so that a value 4,
approximates to a value b,

m = |b—bl; (32)

another, maybe more analytical, way is to choose

m = (b—b,)?, (33)
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316 T. A. HOFFMANN
but it is evident that we may choose in general also
m = (b'—bp)?*, (34)

where £ and [ are any fixed positive integers. Only practical reasoning can determine that
(32) and (33) are the most suitable forms and not (34) with £ and / larger than 1.

In the case of a matrix, we must be sure that in the event of exactness each element of
the approximating and of the approximated matrices are exactly the same, therefore their
difference is 0.

A well-known construction of the kind necessary here is connected to the trace of a real
symmetric matrix. As the simple rules of matrix multiplication show, the trace of the square
of a real symmetric matrix is the sum of the squares of all elements of the matrix. So, the
trace forming may be applied to construct the measure. in the case of real matrices, there-
fore, even the trace of the square of the deviation matrix is acceptable, but we have to
extend it to the case of complex matrices too. Therefore, we define as the measure of the
deviation of a matrix B from the matrix 0

m = tr (B+*B). (35)

It is easy to see that the sum of the diagonal elements of B**B is the sum of the squares of
the moduli of the elements of B. So m can be 0 only if B = 0.

This definition fulfils all three requirements stated above. However, here again we have
the possibility of choosing some other definitions for m, for instance tr (B**BB**B), etc.,
but the practical simplicity suggests retaining (35).

At this point we have to introduce some rules for handling traces of matrices. In general
the trace of a product of fwo matrices is commutative, i.e.

tr (AB) = tr (BA) (36)

for any two matrices. However, this commutativity is somewhat restricted if we have the
trace of the product of more than two matrices. In this case the commutativity allows only
a cyclic permutation of the matrices. So we can regard the trace of the matrices as allowing
a half-commutative algebra. To see this we shall take in a completely general manner the trace
of the product of £ matrices B, B®, ..., B®. If the general element of the matrix B® is

W
bi, we have

tr (BOB®.. BO.. . B®) = 3. 56 b2 .. b0, ...bH)

ot ials {41 ” nh
7 2 i

(37)

Since 1y, 2y, ..., i; are all dummy indices, they could be named in any other way too. So, for
instance, taking everywhere i; = i;,; (j<k) and at the same time i — ¢, gives as the con-
tinuation of equation (37)

tr (BUB®. .. B®) — 3. b1 b2) . .hE)

1203 134
ig i3 7

— 33.USHE B L BED = tr (BOBOB®, . BG:-D)., (38)

o L - tyly Pla23t k1
i1 29 173

So the cyclic commutability is established and we can see at the same time why another, not

cyclic, commutation does change the value of the trace. Naturally, the cyclic commutability
includes the commutation rule in the case of two factors given in (36).
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We give here, without any proof, the almost self-evident fact, that the trace of the sum of
matrices is the sum of their traces, and the simple fact that the trace of a matrix is the same
as that of its transposed.

In the following we shall assume for the sake of simplicity of writing the formulas that
all the matrices arereal. An extension of the formulas for the complex case is straightforward.

We shall now prove a theorem very important in our later discussions. Let us regard two
matrices, A and B, each of which deviate from the matrix 0 in the same measure, i.e.

tr (A*A) = tr (B*B). (39)

We state that
tr (AB*) = tr (A*B) > —tr (A*A) = —tr (B*B), (40)
and the equality sign holds only if B =—A. (41)

To prove this theorem let us investigate the deviation form 0 of the matrix A+ B. Since
the measure of deviation from 0 is always non-negative, we have

w[(A+B)* (A+B)] >0, (42)

and the equality sign holds only if the matrix itselfis 0, i.e. in the case if (41) holds.
Expanding the product in the square bracket and making use of the invariance of the
trace by transposing and of (39) we obtain

tr[(A+B)* (A+B)] =tr (A*A+B*B+A*B+B*A)
= 2tr (A*A) +2tr (A*B) > 0, (43)
which supplies already equation (40) and since the equality sign in (42) holds only if (41) is
fulfilled, the same is true for (43) and so for (40) too. (In the case of non-real matrices the
real part of tr (A**B) comes into play, but the same is used also in the equations used later.)

As a consequence of this theorem we obtain the following extension of it. Let A and B
denote two matrices, which have different deviations from the matrix 0, i.e.

d = tr (A*A) = tr (B+B) = . (44)

Let us define the positive number A by
cld = A% (45)

We are interested in finding the largest negative value of tr (A*B). According to (44) and
(45) the matrices AA and B fulfil the requirement (39), since

tr[(AA)* (AA)] = 22tr (A*A) = tr (B*B). (46)
So, (40), holds for AA and B and the equality sign gives the largest negative value of
A tr (A*B) in the case, if

B = —1A, (47)

when tr (A*B) = (1/A) tr [(AA)* AA] = —Atr (A*A). (48)
Further use of (44) and (45) gives now

tr (A*B) = — /{tr (A*A) tr (B+*B)}. (49)

Returning now to our physical problem, we have stated that equations (29), (30) and (31)
supply the exact solution of our problem. However, we have only some approximation of

40 Vor. 257. A,
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the solution, R,. The question is what is the deviation of this solution from the exact one,
and how could we refine the approximation.

According to the previous discussions, it is an obvious step to take as the measure of the
error made by the approximation

D =tr[[HR-RH) - (HR,—RH)]"[(HR—RH) - (HR, -R H)]] (50)

for equation (29),
¢~ w[[(R*—R)— (R§—R,)]'[(R*~R) -~ (R{—R,)]] (51)
for equation (30) and A=[(trR—s)—(trR;—s)]? (52)

for equation (31). However, since equations (29), (30) and (31) hold for the exact solution,
(50), (51) and (52) may be written

D =tr[(HR,—R,H)" (HR,— R, H)], (53)
d - [(R§—R,)* (R} ~Ry)] (54)
and A= (trRy—s)2 (55)

4, CONSTRUCTION OF A BETTER APPROXIMATION

Let us suppose that we have an approximation R, which defines, by (53), (54) and (55),
the values of D, d and A. We investigate what additive change R, in the matrix will make
the approximation approach the exact value in the best way. Since the exact matrix R gives
both D and d the value 0, one has to make such a change that decreases the non-negative
values D and d to the largest extent and similarly for A. In the calculations we shall introduce

the following notation A, —HR,—R,H, (56)
B,=HA,~-AH, (57)

G, — HB,—B,H, (58)

a, = R§—R,, (59)

b, = Rya,+a Ry —a,, (60)

¢y = Ryby+by Ry —by, (61)

e, = Hb,—b,H, (62)

fy = Ry By+ByR,—B,, (63)

g, = Byby+byBy. (64)
With this notation, if we replace R, by R;+dR in (53), (54) and (55), then the change of
D, dand Ais
0D = 2tr [Aj (HOR —0RH)] -+ tr[ (HIR —dRH)* (H/R —dRH)], (65)
0d = 2tr[aj (R, dR+JIRR;—IR)]
+tr[(R,0R+IRR;—0R)" (R IR +IRR,—IR) +2aj (6R)Z?]
+2tr[R,0R+0RR,—0R)* (§R)?] +tr [(§R*)2 (§R)?] (66)
and 0A = 2(tr Ry —s) tr )R+ (tr dR)2. (67)
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If we regard the zero approximation R, as already being near to the exact matrix, R, we
may regard 0R as a small matrix, i.e. all the elements of which are small, and neglect the
products of these small quantities. So, neglecting the second order terms in (65), (66) and
(67) we obtain for the corrections

8, D = 2tr [AJ (HIR—0RH)], (68)
0,d = 2tr[aj (RyOR+JIRR,—0R)] (69)
and 8, A =2 (trRy—s) trR. (70)

Equation (68) can be transformed by using equations (38) and (57) and taking into account
the Hermitian character of H, into

8, D = 2tr[Bj dR], (71)
similarly (69) takes the form by equations (60) and (38)
0,d = 2tr [bg dR], (72)
and finally (70) may be written
0, A= 2tr[(trRy—s) I, OR]. (73)

The best approximation for (29) is achieved if d; D has its largest negative value (since
the positive D has to be reduced to 0). According to (47) this can be supplied by choosing

JR = 1B, (74)

where A is a non-negative number which can be determined by a minimization process for
0D, taking into account the higher order terms too.

The best approximation for (30) is achieved if 0, 4 has its largest negative value, which is
obtained similarly, if SR - — b, (75)

where g is a non-negative number to be determined by minimizing dd, using the second
order terms too.
Finally, the best approximation for (31) is obtained if §; A has its largest negative value,

which is attained, if SR — —y(tr Ry—5) I m. (76)

Clearly the conditions (74), (75) and (76) are generally incompatible and only in very
special cases can they be united. In general, therefore, we have to choose a compromise
between the three choices for dR. Let us see what is the change if we make a choice

OR == — ABO ’W:ubO o V(tr RO - ‘Y) I(-m”)’ (77)

where A, 4 and v are non-negative numbers.

The determination of A, # and » can be performed in the following way. Taking the total
0D (i.e. without neglecting the higher order terms) in the form (65) and substituting (77)
into it, we obtain a form for 8D which is quadratic in A. This form of 0D contains # and v as
parameters. The minimization of 8D can be made for A, which gives a linear equation for 4,
containing the parameters # and v. Similarly, dd given by equation (66) is a polynomial of
the fourth order in , containing in addition A and v as parameters. The minimization of dd
results in a third-order equation for # containing A and v as parameters.

40-2
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Finally, A given by equation (67) is a quadratic form again in v containing A and x as
parameters. Tts minimization prescribes the solution of a linear equation again.

These three equations for A, # and v, each containing the other variables as parameters,
can be solved as a simultaneous system of equations and we obtain so the values of A, x and v.
Performing the calculations sketched above gives for (65), by the substitution of (77) and
using the notation (56) to (64),

0D = 22 tr [Cf C] —2A{tr [Bf B,] —utr[e; e,]}
+u2tr[ef e, —2utr [Bf byl —2v(tr Ry—s) tr B, (78)
and for (67)
OA = v2m2(tr Ry—s)2—2vm*(tr Ry —s) (tr Ry—s—Atr By—utrb)
+A2(tr By) 2+ 2Autr By tr by +x2(tr by)2 —2A(tr Ry—s) tr By— 2u(tr Ry —s) tr by,
whereas for (66) we obtain by neglecting terms of higher order than the second )
dyd = pA{tr [¢f €o] +2tr [ag bi]}—2u{tr [by by] —A(tr [{5 C,]
+tr[ag 8o]) —v(tr Ry—s) (tr[eg (2R —L(,m)] +21tr [agh])}
+A%(tr [ £,] +2tr [a§ BE]) +2v(tr Ry —s) (tr [£5 (2R —L,.) ]
+2tr[ag By) +v2(tr Ry—s)? {tr [(2R,—T ) " (2Rg L) ]
+2trag}—2Atr [B§ by] —2v(tr Ry—s) tr by, (80)

Instead of (80) we may use the untruncated form of (66), where terms up to the fourth
power in A, # and v appear. The solution for A, # and v is then given by two linear and a
third-order equations, which can be solved in the specified calculations easily, but since the
general discussion of the behaviour of the roots is more simple in the truncated form (80),
we shall use this one, remarking that the results are not too different if the initial approxi-
mation is already not too bad.

In this case the minimization described above requires the solution of the following
system of linear equations in A, z and v:

Atr [Cy Co] +utr]e] €] — tr[Bg By, (81)
Atr By+utrby+vm*(tr Ry —s) = tr Rj—s, (82)

A(tr [f5 ¢o] +-tr[ag go]) +4(tr [e5 €] +2tr [ag bF])
+v(trRy—s) (2tr[cg Ry] —tre,+2tr[af by]) = tr[bf by]. (83)

It is readily seen that the functions dD and JA given by (78) and (79) have minima at the
points given by (81) and (82), since in 0D the coefficient of A2 and in JA that of v are always
non-negative. Investigating d,d given by (80) the situation is already somewhat more
complicated, but without a detailed discussion we may conclude that since b, and ¢, are
according to (60) and (61) of the same order of magnitude as a,, the term tr[cj ¢,] is
dominating the term 2tr[aj bZ], if a, is not too large and therefore the coefficient of 4?2 is
positive. So we may conclude that if equation (30) is not too roughly approximated, (80)
has a minimum at the point given by (83). If we are taking into account the whole fourth-
order function in g instead of (80), we easily see that the coefficient of 4 is in this function
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tr [by 2bZ], a non-negative number. This means that either 44 has one minimum only, or two
minima and one maximum. The numerical procedure can then decide which root is to be
taken.

To obtain a better insight into the situation we shall give here a simplified geometrical
interpretation of the process. To make possible a representation, we shall regard R as a
vector that can be represented in a two-dimensional space. In this space we shall design for
the sake of simplicity the equipotential lines of only two of the functions D, d, and A given
by (53), (54) and (55) respectively. (See figures 1 to 4.)

In each figure, one of the lines 0-0 denotes the line where one of the quantities is 0 and the
other line, where the other quantity vanishes. The required solution is, therefore, the
crossing point of these lines. The dashed thick lines denote the approximating steps made
by applying minimization to only one of the two quantities in every step. It is obvious that
there are regions where this kind of approximation gives an uneven approximation, where
the various steps one after the other make an oscillation in the error (see figure 2). The same
is true for the case where one (or some) of the equations is re-established exactly in every
step (see figure 4). The same is true in the case where we choose only such corrections that
one (or some) of the equations is identically fulfilled throughout. In this case the sketch is
the same as in figure 3, or 4, only two subsequent steps are to be regarded as one simple step.
We may see in figure 4 that even in this case it is possible that the individual steps may spoil
the approximation instead of correcting it.

In the case of choosing (77) we always have a direction of the corrective vector in a
direction between the two gradients and so one may obtain a more uniform, even approxi-
mation. (This is partly assured by applying only non-negative A, z and v.)

The method given here can therefore be summed up as taking the gradients (stecpest
descents) for all equations not fulfilled exactly, then laying parabolas in the directions of the
gradients osculating the respective surfaces at the starting point and determining the
vertices of these parabolas. The vertices for the several parabolas coincide for a certain set
of the values A, g, v, i.e. for only a certain point in the R plane and that will be the next
approximation for R. Then the process can be iterated and in each step the error can be
checked by equations (53) to (55).

From the discussion it is clear that there may be cases when one (or some) of the roots of
the system of equations (81) to (83) is negative. This can occur if the surfaces represented in
figures 1 to 4 have the feature that the direction of one of the gradients is changing to the
opposite if we move along the direction of the other gradient. This means, therefore, no
deviation of the originally stated non-negativity of A, # and v, since the matrices multiplied
by them change their signs in these cases also.

Generally, if the exact Hamiltonian H is known and we have by any method obtained some
solution, ¢, of the problem, which is either a mathematical approximation of the exact
problem, or a physical approximation neglecting or transforming some terms in the
Hamiltonian, we can construct R, from this solution and with this (53), (54) and (55) will
supply the errors of the approximation. However, D, d and A give some absolute deviation
and not the relative error and therefore even their relative magnitude is not comparable
(really the dimension of D is (energy)?, whereas d and A are dimensionless). There is, how-
ever, no reason to require such a relative error, since the problem is always to compare
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FIGURE 1, — — —, Approximation by minimizing only onc quantity in cach step; ——-—, approxi-
mation by minimizing both quantities at the same time; -~ - -~ —, gradients of the two
quantities. k

0

Fieure 2. The same notation as in figure 1 in a casc of an ‘unpleasant’
shape of the curves.
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Ficure 3. The way of approximation if one of the quantities is made to vanish in each step. The
notation is the same as in figure 1, but the simultaneous minimization process is begun only
after the first common step.

Ficure 4. The way of approximation if one of the quantities is made to vanish in each
step for the case of an ‘unpleasant’ curve.
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calculations for the same system and in this case D, d and A may be formed for all concurrent
cases. Itis, however, possible to normalize D, d and A to obtain the relative error; this can
be done, arbitrarily, in several different ways, since all the exact solutions give vanishing
values for D, d and A. This question will be treated in more detail in the next section.

For the sake of completeness we give here another general result (see, for example,
McWeeny 1960),stating that any operator, Q, has its average value in the state defined by R

6 = r (QR)> (84)
and so, in particular, the energy of the system is
E = tr (HR). (85)

The foregoing discussions can thus be extended to estimating the errors in the expectation
values of the various physically interesting operators.

Equations (85) and (53) show an important property worth mentioning here. The energy
given by (85) is defined already if we know only the diagonal terms in HR; however, the
D given by (53) depends on eack element of the matrix HR, not only on the diagonal ones.
Therefore, in the case that we are interested not only in the energy of the system, the
minimization of D in (53) promises better results than the minimization of the energy only.

The suggested method of approximation is also advantageous because it contains only
direct matrix operations, thus facilitating application to computers, and further because
it is a self-correcting process, since in each step only the quantities of the last step are used.

5. ‘SUBJECTIVE’ MINIMIZATION

The method given in the previous sections is not the best one, because it does not take into
account the size of the individual errors and so it minimizes all of them with an equal weight.
However, it is quite clear, that if all the errors but one are small, then the most urgent task
is to decrease this large error. The reason why we have not done this before is that in general
one cannot find any objective criterion according to which one shall determine the weights
of the various errors. In this section we shall, however, try to give such a determination, but
one has to emphasize that the given way of estimating the weights is not unambiguous, it is
rather subjective. Therefore we call this process the subjective minimization. Insome practical
cases it has shown exceedingly good results.

First of all we have to normalize the errors in some way. Some of the errors contain only
the density matrices, which are dimensionless quantities, but some of them contain H, which
is a quantity of the dimension of energy. In equation (53) H occurs in the second degree.
Itis therefore advisable (but not unambiguous) to choose as a normalization factor tr[H*H],
which is a quantity independent of the density matrix and has the same dimensions as (53).

So with the notation
a = 1/tr [H*H], (86)

equation (53) should be multiplied by «.

It is sometimes also convenient to make a further normalization for the density matrices,
especially if there is a larger number of states included in the calculations and we are
interested in the relative errors per state.
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Here we make a subjective choice again, giving a normalization factor for all errors

B=1]s (87)
in the case of the n-electron density matrices, i.e. equations (53) to (55).

The errors being now normalized we have to take into account the size of the errors. This
can also be done in several ways too, but the most simple (however subjective) way is to give
them weights equal to the normalized errors themselves.

We shall sketch the procedure with equations (53) to (55). With the notation of these
equations, we form the following quantity

M = f[aDdD +ds,d+AdA] (88)

M is a quadratic function of A, z and » and now we minimize this M according to A, z and ».
Instead of equations (81) to (83) we then obtain the following equations:

A+ pGy+v(tr Ry—s) K, = tr [B{ L], (89)
AG,+puMy-+v(tr Ry—s) Ny = tr [bg L], (90)
AKy+pNy-+v(tr Ry—s) Py = tr L, ‘ (91)
where the symbols
Fy = aD tr [Cf Cy] +d(tr [£5£,] +2tr [ag BE]) +A(tr By)?, (92)
G, = aDtr [Gie,] +d(tr [fic,] +tr[ajg,]) +Atr Bytrb,, (93)
K, = d(tr [f§ (2R, 1 ,m)) ] +2tr [ B(]) +m"Atr B, (94)
Ly = aDBy+dby+A(tr Ry—s) I ,m, (95)
M, =aDtr[efe,]+dtr[cic]+2dtr [afbi] +A(trby)?, (96)
N, = d(tr [cf (2Ry—X )] +2tr [aiby]) +m"Atrb, (97)
and Py = d(tr [(2Ry—I\my) T (2R —I(pmy) 1 +2 tr a,) +m?*A (98)

were introduced.

Here equation (91) is to be omitted if A = 0, since we have divided this equation by the
factor tr R,—s which is 0.

A detailed discussion of these equations shows that the solution always gives a minimum
in practical cases. Finally, the A, # and v determined from (89) to (91) should be sub-
stituted into (77) to obtain the next approximation.

The methods given in this paper are applicable for any quantum-mechanical calculations.
In actual cases the explicit evaluation of the matrices appearing in the calculations
sometimes give considerable trouble. In the next paper (Hoffmann 1965) some particular
applications are given.

I am indebted to Professor C. A. Coulson, F.R.S. for calling my attention to some of the
problems presented in this article. I would also express my thanks to Unesco for giving a
grant in the field of ‘Peaceful uses of atomic energy’ which made it possible to prepare this
work and to the AB Atomenergi, Studsvik, where this work was performed.
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